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Abstract
Recently it has been speculated that a set of infinitesimal VirasoroL ⊗ VirasoroR
diffeomorphisms exist which act non-trivially on the horizon of some black holes such
as kerr and Kerr-Newman black hole [1, 2]. Using this symmetry in covariant phase
space formalism one can obtains Virasoro charges as surface integrals on the horizon.
Kerr-Bolt spacetime is well-known for its asymptotically topology and has been studied
widely in recent years. In this work we are interested to find conserved charge associated
to the Virosora symmetry of Kerr-Bolt geometry using covariant phase space formalism.
We will show right and left central charge are cR = cL = 12J respectively. Our results
also show good agreement with Kerr spacetime in the limiting behavior.
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1 Introduction
String theorists many years ago have been found a non-abelian virasora symmetry which
act non trivially on the black hole horizon [3, 4]. This achievement leads to the black
hole microscopic entropy of the black hole and reproduce the macroscopic area law without
reliance on stringy microphysics. In the context of proposed Kerr/CFT correspondence [5],
the microscopic entropy of four-dimensional extremal Kerr black hole is obtained by studying
the dual chiral conformal field theory associated with the diffeomorphisms of near horizon
geometry of the Kerr black hole. Castro, et. al [6] have given evidence that the physics of
non- extremal Kerr black holes might be captured by a conformal field theory. The authors
have discussed that the wave equation for scalar fields in the Kerr spacetime has a certain
conformal symmetry at low frequencies and in the region close to the horizon of the black
hole, which they referred to as a hidden conformal symmetry. The initial computation of
Castro et. al was repeated in various kind of black holes, and was shown to always lead
to the same conclusions [7, 8, 9, 10]. This kind of symmetries show left-right Virasoro pair
on the horizon of black hole with cL = cR = 12J central charge. Moreover, assuming the
existence of a unitary Hilbert space this computation leads to the microscopic entropy of the
dual CFT by Cardy formula which possess perfect match to Bekenstein-Hawking entropy of
black hole.
Recently diffeomorphisms and specially Infinite-dimensional symmetries have become
more attractive. The story began with Bondi and his et al works on gravitational waves
[11, 12] and has been put on firmer footing with the discovery that relates the diffeomorphisms
to soft graviton [13, 14, 15].
The effect of diffeomorphisms on the horizon of a four dimensional Kerr black hole was
studied in [16, 17] and introduced distinguishing features of black hole which named as soft
hair.
More recently in [1, 2] authors were inspired by this conformal symmetry and considered
general class of VirasoroL ⊗ VirasoroR diffeomorphisms of a generic spin J Kerr black hole
and Kerr-Newman black hole. Then they were going to use the covariant formalism, and
sought existence of a well-defined central charge cL = cR = 12J .
In the following work we are going to extend this paper to the Kerr-Bolt 4D spacetime.
We also find the left and right central charge as cL = cR = 12J . Our work is organized
in three section. First of all we briefly look at conformal symmetry of Kerr-Bolt space
time. Then we continue with a short review on symmetry in general relativity and covariant
phase space formalism to find out conserved charge in general relativity. In section three
we present our result of Iyer-Wald charge and Wald and Zoupas counterterm. Finally we
calculate entropy of Kerr-Bolt black hole in the last section.
1
2 Confromal coordinate and hidden conformal symme-
try of Kerr-Bolt black hole
The Kerr-Bolt spacetime with NUT charge p and rotational parameter a, is given by the
line element
ds2 = −∆(r)
ρ2
[dt+ (2p cos(θ)− a sin2(θ))dφ]2 + sin
2(θ)
ρ2
[adt− (r2 + p2 + a2)dφ]2
+
ρ2
∆(r)
+ ρ2(dθ)2, (2.1)
where
ρ2 = r2 + (p+ a cos(θ))2, (2.2)
∆(r) = r2 − 2Mr + a2 − p2. (2.3)
The Kerr-Bolt spacetime (2.1) is exact solution to Einstein equations. The inner r− and
outer r+ horizons of spacetime (2.1) are the real roots of ∆(r) = 0, i.e.
r+ =M +
√
−a2 +M2 + p2 r− = M −
√
−a2 +M2 + p2 (2.4)
This solution shows interesting SL(2, R)L × SL(2, R)R virasoro symmetry. To be more
precise, by considering massless scalar field Φ in Kerr-Bolt background, i.e,
Φ =
1√−g∂µ(g
µν∂ν)Φ = 0, (2.5)
and taking the expansion of scalar field as
Φ(t, r, θ, φ) = exp(−imφ + iωt)S(θ)R(r). (2.6)
one can shows that for the low frequency in the near region or
ωM, ωn ≪ 1, (2.7)
r ≪ 1
ω
, (2.8)
the angular equation S(θ) significantly simplifies as
[
1
sin(θ)
∂θ(sin(θ)∂θ)− m
2
sin2θ
]S(θ) = −l(l + 1)S(θ). (2.9)
as well as radial component that takes the following form:
[∂r(∆∂r) +
−4Mmarω+m2a2−4n2maω
∆(r)
+ (∆ + 4(Mr + n2)− a+ 4n)ω2]R(r) = l(l + 1)R(r),
(2.10)
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The virasoro symmetry could be seen manifestly in the conformal coordinates ω+, ω− and y
which are defined in terms of coordinates t, r and φ as [18, 6]
ω+ =
√
r − r+
r − r− exp(2πTRφ+ 2nRt), (2.11)
ω− =
√
r − r+
r − r− exp(2πTLφ+ 2nLt), (2.12)
y =
√
r+ − r−
r − r− exp(π(TR + TL)φ+ (nR + nL)t), (2.13)
where
TR =
r+ − r−
4πa
, TL =
r+ + r−
4πa
+
p2
2πaM
, (2.14)
and nR = 0, nL = − 14M . In the conformal coordinate it is obvious that past horizon is
located in ω− = 0, ω+ = 0 is the future horizon and the bifurcation surface Σbif is obtained
by ω± = 0. We also define the left and right moving vector fields
H1 = i∂+, H0 = i(ω
+∂+ +
1
2
y∂y), H−1 = i((ω
+)2∂+ + ω
+y∂y − y2∂−), (2.15)
and
H¯1 = i∂−, H¯0 = i(ω
−∂− +
1
2
y∂y), H¯−1 = i((ω
−)2∂− + ω
−y∂y − y2∂+), (2.16)
respectively. The vector fields (2.15) satisfy the SL(2, R) algebra
[H0, H±1] = ∓iH±1, [H−1, H1] = −2iH0, (2.17)
and similarly for H¯1, H¯0 and H¯−1.
The quadratic Casimir operator, in terms of coordinates ω+, ω− and y, is given by
H2 = −H20 +
1
2
(H1H−1 +H−1H1) =
1
4
(y2∂2y − y∂y) + y2∂+∂−. (2.18)
In terms of coordinates t, r, θ, φ, the Casimir operator (2.18) as well as the other Casimir
operator H˜2 reduces to the radial equation (2.10),
H2R(r) = H˜2R(r) = l(l + 1)R(r) (2.19)
To leading and subleading order around the bifurcation surface, the Kerr-Bolt metric becomes
ds2 =
4ρ2+
y2
dw+dw− +
16J2 sin2 θ
y2ρ2+
dy2 + ρ2+dθ
2
− 2w
+(8πJ)2TR(TR + TL) + p(64πaTRJ cos θ)
y3ρ2+
dw−dy
+
8w−
y3ρ2+
(
A+B
)
dw+dy
+ · · · ,
(2.20)
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where
A = −(4πJ)2TL(TR + TL) + (4J2 + 4πJa2(TR + TL) + a2ρ2+) sin2 θ
B = −4pa cos θ(m2 + p2 + 1/2ρ2+) (2.21)
here ρ+ is given by
ρ2+ = r
2
+ + (p+ a cos(θ))
2 = (m+
√
−a2 +m2 + p2)2 + (p+ a cos(θ))2 (2.22)
Now consider a general vector field
ζ(ǫ) = ǫ∂+ +
1
2
∂+ǫy∂y, (2.23)
where ǫ is any function of w+. One can easily verified that they obey the Lie bracket algebra
[ζ(ǫ), ζ(ǫ˜)] = ζ(ǫ∂+ǫ˜− ǫ˜∂+ǫ). (2.24)
A complete set of functions that is invariant under 2π azimuthal rotations are [17]
ǫn = 2πTR(w
+)
1+ in
2piTR . (2.25)
So
[ζm, ζn] = i(n−m)ζn+m. (2.26)
The zero mode is
ζ0 = 2πTR(w
+∂+ +
1
2
y∂y) = −i2πTRH0 (2.27)
Similarly for the left movers we have:
ζ¯n = ǫ¯n∂− +
1
2
∂−ǫ¯ny∂y,
ǫ¯n = 2πTL(w
−)
1+ in
2piTL , (2.28)
with
ζ¯0 = −i2πTLH¯0 (2.29)
They also satisfy VirL algebra with zero central charge.
[ζ¯m, ζ¯n] = i(n−m)ζ¯n+m, (2.30)
and the two sets of vector fields commute with one another
[ζm, ζ¯n] = 0. (2.31)
4
3 Covariant phase space and covariant charges
Notion of conserve quantity has got crucial role in investigating of physics theories. If theory
has ka killing field and Tab stands for energy-momentum tensor then one can take J
a = T ab k
b
as conserve quantity associated with ka.
However, in general relativity which is the diffeomorphism covariant theory, there is no
notion of the local stress-energy tensor of the gravitational field, so conserved quantities
can not be defined by the above procedures. One of the outstanding method for conserve
quantity definition among many others [19, 20, 22, 23, 24, 21] is covariant phase space [25, 26].
Consider a theory with lagrangian L and dynamical field φ. Variation of lagrangian yields
δL = E(φ)δφ+ dθ(φ, δφ). (3.1)
The equations of motion are E = 0 and θ refers to the boundary term or symplectic potential.
The presympletic current is defined as
ω(φ, δ1φ, δ2φ) = δ1θ(φ, δ2φ)− δ2θ(φ, δ1φ) (3.2)
If φ Satisfies the equation of motion then and δφi satisfies the linearized equations of motion
one can shows that ω is exact, i.e dω = 0 [26]. The Noether current define as follow:
j = θ(φ,Lξφ)− ξ · L = dQ+ ξaCa, (3.3)
General form of Q finds out in [27]. When equations of motion satisfy the Ca term appears
as a constraints, i.e., Ca = 0. Combination of (3.2) and (3.3) lead to the following equation
for the ω(φ, δ1φ, δ2φ):
ω(φ, δφ,Lξφ) = ξaδCa + d(δQ)− d(ξ · θ). (3.4)
Now consider a diffeomorphism covariant theory with a vector field ξa. The δQξ known
as conserved quantity associated to the ξa vector field and defines as follow, [26].
δQξ = ΩΣ(φ, δφ,Lξφ) =
∫
Σ
ω(φ, δφ,Lξφ) =
∫
∂Σ
(δQ− ξ · θ) (3.5)
where Σ is a Cauchy hyper-surface in the theory and has been chosen so that integral over
Σ converges for all φ. In this work ∂Σ stands for bifurcation horizon surface. A conserved
quantity for a theory with asymptotic symmetry also includes an extra term. As Wald
and Zoupas have mentioned in their work [26] conserved quantity for a theory which has
infinitesimal asymtotic symmetry vector ξa is read as
δQξ =
∫
∂Σ
[δQ− ξ · θ] +
∫
∂Σ
ξ ·Θ (3.6)
where Θ is a symplectic potential for the pullback of the symplectic current form ω to the
boundary. Above calculation for general relativity in four dimension is straightforward and
well-known [26, 28]. The general relativity has the Einstein-Hilbert Lagrangian four-form,
L =
ǫ
16π
R. (3.7)
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The variation is [16]
δL = − ǫ
16π
Gabhab + dθ[h, g], (3.8)
where δh generates the variation gab → gab − hab. The presymplectic potential θ is the three
form
θ[h, g] = ∗ 1
16π
(∇bhab −∇ah)dxa, (3.9)
where * is the Hodge dual star. The conserved charge in general relativity has two parts and
obtain by integration of symplectic current ω as follow:
δQ(ζ, h, g) = 1
16π
(δQIW (ζ, h, g) + δQX(ζ, h, g))
=
1
16π
∫
∂Σ
∗FIW + 1
16π
∫
∂Σ
ζ · (∗X), (3.10)
the first term is the Iyer-Wald charge, where integrand is given by
FIWab =
1
2
∇aζbh+∇ahcbζc +∇cζa hcb +∇chca ζb −∇ah ζb − a↔ b. (3.11)
and the surface of integration is the bifurcation surface. The second term in (3.10) is the
Wald-Zoupas counterterm [26], where X is a one-form constructed from the geometry of the
spacetime. As authors in [1] clarified X includes Ωa one-form which shows kind of rotational
velocity of the horizon and reads as
X = 2dxah ba Ωb . (3.12)
where
Ωa = q
c
an
b∇clb (3.13)
The vectors la and na are normal to the future and past horizon respectively and have been
chosen so that l · n = −1. We also consider qab = gab + lanb + nalb as the induced metric on
the bifurcation surface [17].
Assuming integrability, the conserved charge associated to the diffeomorphisms also form
an algebra under Dirac braket:
{Qn,Qm} = (m− n)Qm+n +Km,n, (3.14)
where the central extension is given by [25]
Km,n = δQ(ζn,Lζmg; g). (3.15)
Also it has been shown [25] that the ce ntral term K must be constant on the phase space
and is given by
Km,n =
cim
3
12
δm+n, (3.16)
where ci = cL for the left mover conserved charge while ci = cR for the right mover conserved
charge.
6
3.1 Left mover charge
We begin with left mover conserved charge on Σbif by taking ζ = ζ¯m and h¯
ab = Lζ¯ngab and
smooth limit ω− → 0 on the past horizon. Because the structure of Kerr-Bolt geometry
is similar to Kerr metric, our steps also are similar to [17] calculation. The only nonzero
component of F ab in (3.11) is F+yIW and it can be evaluated as
F+yIW = −4h¯y+m ζ¯nΓ++y = −4g+−∂−ζ¯ymζ¯nΓ++y (3.17)
Using the Kerr-Bolt metric component in (2.20) and the below integral
lim
w+
0
→0
∫ w+
0
e4pi
2
TR
w+
0
dw+
w+
= 4π2TR, (3.18)
We find out QIW part of conserved charge as:
KIWn,m =
1
16π
∫
Σbif
dθ dω−ǫθ+−yF
+y
IW = 2J
TL − α
TL + TR − αm
3δm+n , (3.19)
where α = p
2
2piMa
is the dimensionless constant. Determination of the Wald- Zoupas coun-
terterm is required to fix la and na vector field. Since integration area, i.e. Σbif for the left
mover conserved charge approaches to the past horizon, we take these vector as
l ∼ y
2TL−2α
TR+TL−α∂−, n ∼ y
2TR
TR+TL−α∂+. (3.20)
In fact we have modified the definition of la and na, introduced in [17] which are normal to
the past and future horizon respectively. Substituting these definitions of la and na in (3.13)
and some algebraic calculation lead to the following result for the Wald- Zoupas counterterm.
KXn,m = J
TR − TL + α
TL + TR − αm
3δn+m. (3.21)
So interestingly, summation of the two terms in (3.19) and (3.21) yield to the left central
charge as
cL = 12J
3.2 Right mover charge
Right mover conserved charge is obtained in a similar manner but now we approach to the
future horizon by ω+ → 0 and ζ = ζm and hab = Lζngab and smooth limit ω− → 0 on the
past horizon. In this case the only nonzero component of F ab in (3.11) is
F−yIW = −4hy−m ζynΓ−y− = −4g+−∂+ζymζynΓ−y− (3.22)
So the central part of conserved right mover charge is read as:
KIWn,m =
1
16π
∫
Σbif
dθdw+ǫθ+−yF
−y
IW = −4
∫
Σbif
dθdw+ǫθ+−yg
+−∂+ζ
y
mζ
y
nΓ
−
y− (3.23)
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After integration over future horizon one can find out:
KIWn,m = 2J
TR
TL + TR + α
m3δn+m. (3.24)
The only quantity that leaves is Wald-Zoupas for the right mover conserve charge. Following
same steps which we used in the left mover case, we obtain Wald-Zoupas counterterm so that
its combination with (3.24) leads to the cR = 12J right central charge. This counterterm is:
KXn,m(ζ, h, g) =
1
16π
∫
∂Σ
ζ · (∗X) = J TL − TR − α
TL + TR − αm
3δn+m (3.25)
Finally adding two terms in (3.24) and (3.25) lead to the
cR = 12J
4 The area law and black hole entropy
By using of cL = cR = 12J as given above, the temperature formulae (2.14) and the Cardy
formula
SCardy =
π2
3
(cLTL + cRTR), (4.1)
yields the Hawking-Bekenstein area-entropy law for Kerr-Bolt black hole.
SBH = SCardy = 2πM
(
r+ +
p2
M
)
=
Area
4
. (4.2)
5 Conclusion
In this study, we have used hidden conformal symmetry of four-dimensional rotating space-
times with NUT twist and covariant phase space formalism to obtain central charge associ-
ated to this symmetry.
Now we know that rotating spacetimes with a NUT twist shows Kerr/CFT correspon-
dence [29]. The Kerr/CFT correspondence states that the near-horizon states of an extremal
four dimensional black hole could be identified with a certain chiral conformal field theory.
Chiral conformal symmetry in dual field theory of Kerr geometry provides the necessary
ground for the author in [29] to calculate the left and right central charge as cL = cR = 12J .
In this paper we are going to reproduce this achievement by using of covariant hase space
formalism and VirasoroL ⊗ VirasoroR diffeomorphisms symmetry of Kerr-Bolt black hole.
We have found that cR = 12J for the right mover or ω
+ → 0 limit while we have seen
cL = 12J when we approach to the past horizon, i.e, ω
− → 0. These results have good
agreement with previous results.
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